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We investigate the possibility of implementing a given projection measurement using linear optics
and arbitrarily fast feedforward based on the continuous detection of photons. In particular, we
systematically derive the so-called Dolinar scheme that achieves the minimum error discrimination
of binary coherent states. Moreover, we show that the Dolinar-type approach can also be applied
to projection measurements in the regime of photonic-qubit signals. Our results demonstrate that
for implementing a projection measurement with linear optics, in principle, unit success probability
may be approached even without the use of expensive entangled auxiliary states, as they are needed
in all known (near-)deterministic linear-optics proposals.
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I. INTRODUCTION
The implementation of positive operator-valued mea-
sures (POVMs) for photonic quantum state signals is im-
portant for a variety of quantum information protocols,
in particular, for quantum communication schemes such
as quantum teleportation [1], quantum key distribution
[2], and collective decoding in quantum channel coding
[3, 4, 5]. Unlike conventional optical detection technolo-
gies, POVMs for optical quantum information protocols
generally include a projection onto superposition states
or entangled states. In order to implement such mea-
surements, normally a nonlinear interaction of the signal
states (described by a Hamiltonian at least cubic in the
optical mode operators [6]) is needed. At present, how-
ever, these nonlinear processes are hard to realize on the
level of single photons.
One possibility for inducing a nonlinear element is
to exploit the effective nonlinearity associated with a
measurement. In particular, for photonic-qubit states,
universal gating operations and hence any POVM for
these states can be realized asymptotically by using lin-
ear optics, photon counting, highly entangled auxiliary
states of n photons, and conditional dynamics (feedfor-
ward). Here, conditional dynamics means the succes-
sive application of linear transformations on the remain-
ing modes conditioned upon the detection of a subset of
modes [7]. In the special case of a projection measure-
ment, corresponding to the discrimination of an orthogo-
nal set of states, perfect distinguishability is achieved in
the asymptotic limit of large n. However, with current
technology, it is hard to generate the entangled auxil-
iary states even for modest n. More recent investiga-
tions, therefore, have focused on the question whether
one can implement a given measurement, or more gener-
ally a set of universal quantum gates, via cheaper and/or
finite resources. For example, by applying the cluster-
state model of quantum computation [8] to linear optics
[9], the cost of the extra entangled resources may be sig-
nificantly reduced [9, 10].
In this paper, we address the following question: is
it possible to implement a given projection measurement
in the asymptotic limit of infinitely many, arbitrarily fast
conditional-dynamics steps without using any entangled
auxiliary states at all? Thereby, the intermediate detec-
tions upon which the conditional dynamics relies are not
supposed to be finite either, but they shall be arbitrarily
weak. In other words, instead of using arbitrarily ex-
pensive auxiliary states of arbitrarily many photons and
a finite number of finite measurements plus feedforward
[7], we employ infinitely many steps of feedforward alone,
based upon arbitrarily weak measurements. In fact, a
nice example for the latter approach was already given
by Dolinar [11] in the field of quantum communication
and detection theory, namely, for the minimum error dis-
crimination of binary coherent signals.
As an extension of the conventional signal detection
theory, quantum detection theory has been studied to
give an optimal signal decision strategy for noncommuta-
tive quantum signals [12]. It is motivated by fundamental
2interest, but it also aims at investigating ultimate perfor-
mance of optical communication systems where informa-
tion is usually carried by coherent-state signals. Now,
in this context, the simplest scenario would be a com-
munication scheme that is based on the discrimination
of the binary phase-shift keyed (BPSK) coherent signals
{|α〉, |−α〉} (in the following, simply called the binary co-
herent signals). The optimal POVM that discriminates
these nonorthogonal signal states with the minimum av-
erage error is described by a projection onto the orthonor-
mal basis consisting of superposition states of |α〉 and
|−α〉. This scheme is sometimes called the Helstrom mea-
surement [12]. Kennedy [13] first showed a simple phys-
ical model that achieves the near-optimal measurement:
the binary signal is displaced to {|2α〉, |0〉} and then mea-
sured by a photodetector that discriminates whether the
signal contains photons or not. Dolinar [11] (see also [12])
extended the Kennedy scheme demonstrating that the
perfect implementation of the Helstrom measurement is
possible by using linear optics, photon counting, and in-
finitesimally fast feedforward. Other related proposals on
the implementation of the (near-)optimal measurement
of binary coherent states were given in Refs.[14, 15, 16].
A brief description of Dolinar’s original proposal is the
following [11]. As shown in Fig. 1, the coherent signal
field si(t) (i = 0, 1) within the time interval T is displaced
by one of the two local oscillators (LOs) β0(t) and β1(t)
and then incident into a photodetector. The photodetec-
tor is assumed to have infinitesimal time resolution and
the functions β0(t) and β1(t) are appropriately chosen to
minimize the error probability. The choice of β0(t) or
β1(t) at time t
′ (0 ≤ t′ < T ) depends on whether the to-
tally detected number of photons during [0, t′) is even or
odd. Therefore, once a signal photon triggers a detector
click, the current LO immediately has to be switched to
the other setting. After detecting the whole signal, one
can infer whether the signal was s0(t) or s1(t) by look-
ing at the parity of the number of the detected photons.
This scheme achieves the minimum error probability af-
ter making an optimization of the likelyhood ratio of the
binary signal with optimal control theory [11, 17]. In the
original paper [11], the analysis was semiclassical and
later a fully quantum mechanical description was given
[18]. More recently, the system performance under the
realistic situation including delay of feedforward, finite
bandwidth and imperfect detection has been investigated
[17, 19].
Compared to previous works on the Dolinar scheme,
our contribution here contains basically four new aspects.
First, we revisit the derivation of a Dolinar-type mea-
surement scheme. However, instead of focusing on the
original signals {|α〉, |−α〉}, we simply consider the pro-
jection measurement onto the basis {|ω0〉, |ω1〉} that cor-
responds to the minimum error discrimination of the sig-
nal states. We can then ask whether one can discrimi-
nate the orthogonal states {|ω0〉, |ω1〉} via linear optics
and infinitely weak detections. In such a scheme, during
the entire measurement, the conditional states in every
LO
FIG. 1: The Dolinar receiver. The signal si(t) and the local
oscillator are combined at a highly transmissive beamsplitter
such that the signal is displaced to si(t) + βn(t). The appro-
priate choice of βn(t) at t
′ is determined by the number of the
detected photons during [0, t′) (For details, see the text).
detection and feedforward step must remain orthogonal.
Using this constraint, the derivation of the Dolinar pro-
tocol becomes simpler and more transparent. Further,
no complicated optimization procedures are needed. In
order to discuss the Dolinar receiver in the context of
linear-optics quantum information processing, we trans-
late Dolinar’s original scheme from the time domain to
the spatial domain. In other words, infinitesimally fast
feedforward is replaced by an infinite use of spatial re-
sources.
Secondly, we prove that there is no finite detection
scheme that attains the Helstrom bound for the minimum
error discrimination of binary coherent states. Such a no-
go statement can be made by using a set of criteria for
the exact discrimination of orthogonal states in a projec-
tion measurement [20]. These criteria express in a simple
way the requirement that the orthogonal states must re-
main orthogonal after a linear-optics transformation fol-
lowed by the detection of a first mode. For instance,
in a Bell measurement for polarization-encoded photonic
qubits, this requirement can never be met and hence the
Bell measurement cannot be implemented with linear
optics including photon counting, finite steps of condi-
tional dynamics, and arbitrary auxiliary photon states
[20, 21, 22]. Asymptotic schemes [7] are not included
in this approach. For the example of binary coherent
states investigated here, finite feedforward means that
the linear-optics transformation of the signal and aux-
iliary modes before the first detection step involves a
nonzero mixing between the signal mode and the mode to
be detected. Of course, in the case of zero mixing, the or-
thogonality can be trivially preserved. Here we will show
how to accomplish the Helstrom measurement based on
feedforward using infinitely weak detections.
A third new aspect of our work is to demonstrate that
the Dolinar approach can be applied not only to the Hel-
strom measurement of binary coherent states, but also to
other measurements. In particular, we apply the Dolinar
approach to a projection measurement in the regime of
photonic-qubit signals. For a particular example, for
which any finite linear-optics scheme must fail, we show
that the Dolinar approach succeeds.
Last but not least, our analysis of the Dolinar scheme
3in the view of the recent developments in linear-optics
quantum information processing demonstrates that by
using infinitely many steps of feedforward instead of ar-
bitrarily expensive entangled photon states, an asymp-
totically perfect efficiency of a projection measurement
is possible. Related to this, we note that there is another
proposal for an asymptotic linear-optics implementation
of a quantum measurement in which suboptimal unam-
biguous state discrimination (USD) of N symmetric co-
herent states for N ≥ 3 is achieved without expensive
auxiliary resources [23]. For N = 2, the optimal USD
can be easily done non-asymptotically by using a 50/50
beamsplitter and photon counting [24].
II. CONTINUOUS MEASUREMENT VIA
LINEAR OPTICS AND CONDITIONAL
DISPLACEMENTS
In this section, we describe a linear-optics circuit in
which a sequence of arbitrarily weak measurements are
asymptotically combined to a continuous measurement.
In particular, we discuss the linear-optics circuit that cor-
responds to the Dolinar receiver in the spatial domain.
A fully quantum-mechanical description of the Dolinar
receiver was described in Ref. [18] by applying a continu-
ous photon-counting measurement based on the quantum
Markov process model [25, 26].
In the following, we describe the continuous measure-
ment based on photon counting with a local oscillator
by a sequence of linear optics and photodetection. The
equivalence between continuous photon counting process
and a sequence of beamsplitters and photodetectors was
firstly pointed out in Ref. [27]. A schematic of our mea-
surement model is shown in Fig. 2(b). The scheme con-
sists of a sequence of weak photodetection steps. In each
measurement step, a small fraction of the signal state is
reflected by a beamsplitter and measured by a photode-
tector after a displacement operation [Fig. 2(a)]. The
photodetector counts the photon number of the signal.
After one measurement step, the output state condi-
tioned upon the number of detected photons k is de-
scribed by
ρˆ
(k)
out =
TrB
[
(IˆA ⊗ ΠˆBk ) ρˆ′out
]
TrA,B
[
(IˆA ⊗ ΠˆBk ) ρˆ′out
] , (1)
where
ρˆ′out = Dˆ
B(β sin θ)BˆAB(θ)
(
ρˆAin ⊗ |0B〉〈0B|
)
×Bˆ†AB(θ)Dˆ†B(β sin θ), (2)
and ρˆin is the input state. TrA, TrA,B denote the trace
operations over the mode A and the modes A and B,
respectively. BˆAB(φ) = exp[φ(aˆ† bˆ − aˆbˆ†)] and DˆB(α) =
exp(αbˆ† − α∗bˆ) are the operators for a beamsplitter and
a displacement of mode B, where {aˆ, aˆ†} and {bˆ, bˆ†} are
photon 
counting
(a) (b)
FIG. 2: Continuous photon counting with displacement op-
erations. (a) Photodetection with a displacement operation.
The beamsplitter is parametrized by θ. (b) A sequential
photodetection with displacement operations in the limit of
small θ (small reflectance) and a large number of measure-
ment steps.
the annihilation and creation operators for modes A and
B, respectively. Although photodetection is described
by a set of projection operators on the Fock basis {Πˆk =
|k〉〈k|}, we assume that the parameter θ is sufficiently
small such that the probabilities of detecting more than
two photons are negligible. The complex number β in the
displacement operator will be appropriately determined
later. As it is well known, this displacement operation
can be realized using a beamsplitter Bˆ(θ) and a local
oscillator of amplitude β. For a pure state input ρˆin =
|ψin〉〈ψin|, ρˆ′out = |ψ′out〉〈ψ′out| is given by
|ψ′out〉 = DˆB(β sin θ)BˆAB(θ)|ψAin〉|0B〉 (3)
= e−
1
2
|β|2 sin2 θebˆ
†β sin θe−bˆ β
∗ sin θe−aˆbˆ
† tan θ
× eaˆ†aˆ ln cos θe−bˆ†bˆ ln cos θeaˆ†bˆ tan θ|ψAin〉|0B〉,
where we applied the Baker-Campbell-Hausdorff
(BCH) formula and for BˆAB(θ) an anti-normally or-
dered decomposition formula such that eθ(aˆ
†bˆ−aˆbˆ†) =
e−aˆbˆ
† tan θeln cos θ (aˆ
†aˆ−bˆ†bˆ)eaˆ
†bˆ tan θ. Throughout, we use
the notation |ψAin〉|0B〉 ≡ |ψAin〉 ⊗ |0B〉 etc.
Equation (3) can be further simplified to
|ψ′out〉 = e−
1
2
|β|2 sin2 θe(β sin θ−aˆ tan θ)bˆ
†
× eaˆ β∗ sin
2 θ
cos θ eaˆ
†aˆ ln cos θ|ψAin〉|0B〉. (4)
Here we applied again the BCH formula such that
e−bˆ β
∗ sin θe−aˆbˆ
† tan θ = e−aˆbˆ
† tan θeaˆ β
∗ sin2 θ
cos θ e−bˆ β
∗ sin θ, and
we used bˆ†bˆ |0B〉 = bˆ |0B〉 = 0.
Let us assume that the photodetector detects at most
one photon. We will now consider the two possible out-
comes, i.e. ρˆ′out is projected on Πˆ0 or Πˆ1. Since these
projectors are rank one operators, the conditional out-
put for each operator can be described by
ρˆ
(k)
out =
Mˆ (k)ρˆinMˆ
(k)†
TrA [Mˆ (k)ρˆinMˆ (k)†]
(k = 0, 1), (5)
4where Mˆ (k) is a Kraus operator for the k-photon detec-
tion event. When no photon is detected at the photode-
tector, the conditional output is given by
Mˆ (0)|ψin〉 = e− 12 |β|
2 sin2 θeaˆ β
∗ sin2 θ
cos θ eaˆ
†aˆ ln cos θ|ψin〉. (6)
Here we consider N successive operations of Eq. (6) with
the displacement Dˆ(βn sin θ) representing the n-th oper-
ation. For example, for N = 2, we have
Mˆ
(0)
2 Mˆ
(0)
1 |ψin〉 = exp
[
−1
2
(|β1|2 + |β2|2) sin2 θ
]
exp
[
aˆ β∗2
sin2 θ
cos θ
]
exp
[
aˆ β∗1
sin2 θ
cos θ
e− ln cos θ
]
exp
[
aˆ†aˆ ln cos2 θ
] |ψin〉.
(7)
Here we inserted the identity e−aˆ
†aˆ ln cos θeaˆ
†aˆ ln cos θ and then used eφaˆ
†aˆ aˆ e−φaˆ
†aˆ = aˆe−φ. For N successive operations,
the output is then given by
Mˆ
(0)
N Mˆ
(0)
N−1 · · · Mˆ (0)1 |ψin〉 = exp
[
−1
2
N∑
n=1
|βn|2 sin2 θ
]
exp
[
aˆ
N∑
n=1
β∗n cos
n θ
sin2 θ
cosN+1 θ
]
exp
[
aˆ†aˆ ln cosN θ
] |ψin〉. (8)
Let us define the constant parameter L = Nθ2 and take the limit θ2 → 0 and N →∞. The displacement operations
may now be described in a continuous way via
N∑
n=1
|βn|2 sin2 θ ≈
N∑
n=1
|βn|2 L
N
→
∫ L
0
dl |β(l)|2,
N∑
n=1
β∗n cos
n θ
sin2 θ
cos θ
≈
N∑
n=1
β∗n(cos
N θ)
n
N θ2 =
N∑
n=1
β∗ne
−nL
2N
L
N
→
∫ L
0
dl β∗(l)e−
l
2 . (9)
Using these relations, we obtain the output state
Mˆ
(0)
N Mˆ
(0)
N−1 · · · Mˆ (0)1 |ψin〉 = exp
[
−1
2
∫ L
0
dl |β(l)|2
]
exp
[
aˆe
L
2
∫ L
0
dl β∗(l)e−
l
2
]
exp
[
−L
2
aˆ†aˆ
]
|ψin〉. (10)
More generally, when no photon is detected from the L0-th detector to the L1-th detector, we obtain the output state
ρˆout =
Mˆ
(0)
L1
Mˆ
(0)
L1−1
· · · Mˆ (0)L0 ρˆinMˆ
(0)†
L0
· · · Mˆ (0)†L1−1Mˆ
(0)†
L1
Tr [Mˆ
(0)
L1
Mˆ
(0)
L1−1
· · · Mˆ (0)L0 ρˆinMˆ
(0)†
L0
· · · Mˆ (0)†L1−1Mˆ
(0)†
L1
]
=
SˆL1−L0 ρˆinSˆ
†
L1−L0
Tr [SˆL1−L0 ρˆinSˆ
†
L1−L0
]
, (11)
where
SˆL1−L0 = exp
[
aˆe
L1−L0
2
∫ L1
L0
dl β∗(l)e−
l
2
]
exp
[
−L1 − L0
2
aˆ†aˆ
]
. (12)
However, when a photon is detected at the L-th photodetector, the conditional operation is described by
Mˆ
(1)
L |ψin〉 = exp
[
−1
2
|βL|2 sin2 θ
]
(βL sin θ − aˆ tan θ) exp
[
aˆβ∗L
sin2 θ
cos θ
]
exp
[
aˆ†aˆ ln cos θ
] |ψin〉. (13)
Upon taking the limit θ2 → 0 and using the continuous
representation given in Eq. (9), all the exponential terms
in Eq. (13) approach unity. The output now becomes
ρˆout =
Mˆ
(1)
L ρˆinMˆ
(1)†
L
Tr [Mˆ
(1)
L ρˆinMˆ
(1)†
L ]
=
JˆLρˆinJˆ
†
L
Tr [JˆLρˆinJˆ
†
L]
, (14)
where Mˆ
(1)
L = θJˆL and
JˆL = β(L)− aˆ. (15)
Using these expressions, a continuous measurement
based on beamsplitting, displacement operations, and
5photon counting is described via the operator
SˆLn−Ln−1JˆLn−1 SˆLn−1−Ln−2 · · · JˆL1 SˆL1−0. (16)
This expression can also be obtained as a solution of
the master equation of the system and this kind of condi-
tional dynamics is called quantum jump process in terms
of quantum statistics theory [28]. Although analytical
solutions can be obtained in our case, it should be noted
when the system has complicated quantum jump e.g. the
measurement has continuous outcome, one effective ap-
proach is the stochastic unraveling of the master equa-
tion. One of the successful applications of this approach
is shown in Ref. [29].
In the next section, we will show how a given projec-
tive measurement can be implemented via the apparatus
discussed here. Finally, we note that when L is replaced
by a time parameter T , our formulation is equivalent to
the conventional time domain continuous measurement
model including displacement operations [18].
III. PROJECTIVE MEASUREMENTS VIA
CONTINUOUS MEASUREMENT
Projective measurements represent an important spe-
cial case among the generalized measurements. In this
section, we show that the Dolinar receiver can be system-
atically derived from an orthogonality condition, similar
to that used for analyzing the exact distinguishability
of orthogonal states in a projection measurement [20].
First, we will apply this approach to the original Dolinar
receiver, that is, the discrimination of binary coherent
states. In a further example, we examine a binary pro-
jection measurement onto a photonic-qubit basis, which
otherwise cannot be implemented with linear optics in-
cluding photon counting, finite steps of conditional dy-
namics, and arbitrary auxiliary photon states.
Before discussing particular examples, we briefly sum-
marize our approach. The problem of implementing a
complete projection measurement {Πi = |pii〉〈pii|} can be
regarded as the problem of an exact discrimination of
the orthogonal signal states |pii〉 [20]. In order to achieve
an exact discrimination, these signal states, when condi-
tionally transformed via partial measurements and feed-
forward, must remain orthogonal after each step of the
intermediate measurements. In our approach, these mea-
surements are assumed to be arbitrarily weak, asymptot-
ically corresponding to a continuous measurement. Via
the orthogonality constraint, we can infer the input signal
by counting the total number of detected photons Ntot.
In the limit of infinitely many photodetection steps, the
final state must be in a vacuum state |0〉 due to the energy
loss at each step [30]. Combining this fact with the condi-
tion that the signals always remain mutually orthogonal,
we know that every possible result of the Ntot-photon
detection can be triggered only by one of the two signal
states with nonzero probability. Eventually, we can infer
the input signal state perfectly by counting Ntot.
A. Minimum error discrimination of binary
coherent states
The minimum error detection of the binary coherent
states {|α〉, | − α〉} is achieved via the projection opera-
tors corresponding to the orthogonal states
|ω0〉 =
√
1− Pe
1− κ2 |α〉 −
√
Pe
1− κ2 |−α〉, (17)
|ω1〉 =
√
Pe
1− κ2 |α〉 −
√
1− Pe
1− κ2 |−α〉, (18)
where κ = |〈α|−α〉| and
Pe =
1
2
(
1−
√
1− κ2
)
, (19)
is the minimum error probability. For the sake of sim-
plicity, we assume that the a priori probabilities for the
signals are equal.
Let us first prove that the projection onto {|ω0〉, |ω1〉}
cannot be implemented using linear optics, finite steps of
conditional dynamics, and arbitrary auxiliary states. As
for the detection mechanisms, we may restrict ourselves
to photon counting since homodyne detection with linear
optics never leads to non-Gaussian operation, as required
for our projection measurement. Now, using the crite-
ria for exact discrimination of orthogonal states [20], one
finds that already the detection of a first output mode,
after mixing the signal mode with the auxiliary modes,
inevitably destroys the orthogonality. Defining an arbi-
trary auxiliary state |A〉 with arbitrarily many modes,
the necessary conditions for preserving the orthogonality
after such a first detection (and hence for potentially en-
abling one to exactly discriminate the states via further
detections and conditional transformations) are [20]
〈A|〈ω0|(cˆ†)ncˆn|ω1〉|A〉 = 0, ∀n = 0, 1, 2, ...
(20)
Here, the 0th order (n = 0) just corresponds to the or-
thogonality of the signal states. The annihilation oper-
ator cˆ represents the first mode being detected after the
linear-optics transformation. This output mode may be
decomposed into two parts of which one refers to the
signal mode and the other one to the auxiliary modes,
cˆ = ν1aˆ1 + bauxcˆaux + γ . (21)
Here, ν1 ≡ Uj1 is the complex entry of the unitary matrix
U for describing the linear-optics mixing of the mode j
to be detected with the signal mode 1. The mixing of
mode j with the auxiliary modes due to linear optics is
described by the annihilation operator cˆaux, where baux is
a real parameter. The complex parameter γ enables us
to include the possibility of phase-space displacements
before the detection [31]. Note that without including
displacements and for signal states with a fixed number
of photons, arbitrary auxiliary states |A〉 cannot help to
6provide nontrivial solutions to the conditions in Eq. (20),
if there are only trivial solutions without an extra state
|A〉 [20]. For the projection onto {|ω0〉, |ω1〉}, however,
the signal states have an unfixed photon number. Thus,
using an auxiliary state |A〉 having unfixed number too
[20], or employing a nonzero phase-space displacement
γ 6= 0 may indeed help.
After some algebra, for the first-order condition n = 1
from Eq. (20) using Eq. (21), we obtain
|ν1|2 |α|2 = i
√
1− κ2 Im δ , (22)
where α 6= 0 is the complex amplitude given by the signal
states, the parameter κ = |〈α|−α〉| is also defined through
the signal states, and Im δ is the imaginary part of
δ ≡ ν∗1α∗(γ + 〈A|bauxcˆaux|A〉) . (23)
Since κ2 < 1 for α 6= 0, one can easily see that the only
solution to the condition in Eq. (22) is trivial, ν1 = 0.
In other words, only if there is no mixing at all between
the mode j to be detected and the signal mode 1, the or-
thogonality is (trivially) preserved. For any finite mixing
between the modes j and 1, exact discrimination of the
signal states is no longer possible. In our approach based
upon continuous measurement, every single conditional-
dynamics step is supposed to be arbitrarily weak corre-
sponding to the limit ν1 → 0. Thus, in this limit, the
orthogonality condition may be satisfied. However, typ-
ically, such a scheme does not provide any information
about the input signal states. Yet in the following, we
demonstrate that by combining infinitely many arbitrar-
ily weak detections of the signal mode, corresponding to
a continuous measurement of the signal mode, eventually
perfect state discrimination can be accomplished.
Suppose that the states {|ω0〉, |ω1〉} are sent into the
continuous measurement apparatus discussed in the pre-
ceding section. When no photon is counted during
[0, L1), the signals evolve as
SˆL1−0|ω0〉 =
√
1− Pe
1− κ2 exp [B] |αe
−
L1
2 〉
−
√
Pe
1− κ2 exp [−B] |−αe
−
L1
2 〉,
(24)
SˆL1−0|ω1〉 =
√
Pe
1− κ2 exp [B] |αe
−
L1
2 〉
−
√
1− Pe
1− κ2 exp [−B] |−αe
−
L1
2 〉,
(25)
where
B = α
∫ L1
0
dl β∗(l)e−
l
2 . (26)
We note that these states are unnormalized. By calcu-
lating the inner product between Eqs. (24) and (25), we
can find the condition that these signals are orthogonal,√
Pe(1− Pe) {exp [B +B∗] + exp [−(B +B∗)]}
− {Pe exp [B −B∗] + (1 − Pe) exp [−(B −B∗)]}
× exp [−2|α|2e−L1] = 0. (27)
From the orthogonality condition Eq. (27) with Eq. (26),
we obtain the function for the displacement operation
β(l) = ± αe
− l
2√
1− exp[−4|α|2(1 − e−l)] . (28)
By defining the two solutions in Eq. (28) as β+(l), β−(l),
respectively, we can derive the relations
exp
[
α
∫ Lj+1
Lj
dl β+(l)e
− l
2
]
=
e−|α|
2e−Lj+1
e−|α|2e
−Lj
√
1− PLj+1e√
1− PLje
,
(29)
exp
[
α
∫ Lj+1
Lj
dl β−(l)e
− l
2
]
=
e−|α|
2e−Lj+1
e−|α|2e
−Lj
√
P
Lj+1
e√
P
Lj
e
,
(30)
where
PLe =
1
2
(
1−
√
1− exp[−4|α|2(1 − e−L)]
)
. (31)
In the following, we choose β+(l) as a displacement
function for [0, L1) (β−(l) leads to the same conclusions)
and assume that a photon is detected at the L1-th detec-
tor. The equations (24), (25), (29), and (30) yield
SˆL1−0|ω0〉 ∝
√
1− Pe
√
1− PL1e√
1− P 0e
|αe−L12 〉
−
√
Pe
√
PL1e√
P 0e
|−αe−L12 〉, (32)
SˆL1−0|ω1〉 ∝
√
Pe
√
1− PL1e√
1− P 0e
|αe−L12 〉
−
√
1− Pe
√
PL1e√
P 0e
|−αe−L12 〉, (33)
where unimportant global coefficients are omitted. As for
the states after detecting a photon, by using the relations
β+(L1)− αe−
L1
2 =
2PL1e αe
−
L1
2√
1− exp[−4|α|2(1− e−L1)] ,
(34)
β+(L1) + αe
−
L1
2 =
2(1− PL1e )αe−
L1
2√
1− exp[−4|α|2(1− e−L1)] ,
(35)
7we find
JˆL1 SˆL1−0|ω0〉 ∝
√
1− Pe
√
1− PL1e√
1− P 0e
PL1e |αe−
L1
2 〉
−
√
Pe
√
PL1e√
P 0e
(1− PL1e )|−αe−
L1
2 〉
∝
√
1− Pe
√
PL1e√
1− P 0e
|αe−L12 〉
−
√
Pe
√
1− PL1e√
P 0e
|−αe−L12 〉, (36)
and similarly,
JˆL1 SˆL1−0|ω1〉 ∝
√
Pe
√
PL1e√
1− P 0e
|αe−L12 〉
−
√
1− Pe
√
1− PL1e√
P 0e
|−αe−L12 〉.
(37)
Comparing them with Eqs. (32) and (33), we can easily
see that these states are still orthogonal to each other.
Also, we can derive the relations,
JˆLj+1 SˆLj+1−Lj |αe−
Lj
2 〉
=
1
2
e−4|α|
2(1−e−Lj+1 )
√
P
Lj+1
e√
1− PLje
|αe−
Lj+1
2 〉, (38)
JˆLj+1 SˆLj+1−Lj |−αe−
Lj
2 〉
=
1
2
e−4|α|
2(1−e−Lj+1 )
√
1− PLj+1e√
P
Lj
e
|−αe−
Lj+1
2 〉,
(39)
for the measurement process with the displacement func-
tion β+(l), and
JˆLj+1 SˆLj+1−Lj |αe−
Lj
2 〉 (40)
=
1
2
e−4|α|
2(1−e−Lj+1 )
√
1− PLj+1e√
P
Lj
e
|αe−
Lj+1
2 〉,
JˆLj+1 SˆLj+1−Lj |−αe−Lj〉 (41)
=
1
2
e−4|α|
2(1−e−Lj+1 )
√
P
Lj+1
e√
1− PLje
|−αe−
Lj+1
2 〉,
for the measurement process with the displacement
function β−(l), where (P
Lj+1
e (1 − PLj+1e ))1/2 =
e−4|α|
2(1−e−Lj+1 )/2
From Eqs. (29), (30), (36) and (37), we can deter-
mine the local oscillator function β(l) for the next zero
photon counting process SˆL2−L1 . In our case, the or-
thogonality condition requires using β−(l) for SˆL2−L1 , as
the output states SˆL2−L1 JˆL1 SˆL1−0|ωi〉 (i = 0, 1) have the
similar structure as in Eqs. (36) and (37), respectively,
except that L1 is replaced by L2. Eventually, one can pre-
serve the orthogonality by switching the sign of the dis-
placement function β±(l) each time a photon is detected.
After applying many of these operations, the signals
evolve as SˆL−LNtot JˆLNtot SˆLNtot−LNtot−1 · · · JˆL1 SˆL1−0|ωi〉,
(i = 0, 1), where Ntot is the total number of detected
photons (Ntot = 0, 1 · · · ,∞) [32] and we will take an in-
finitely large L. The final states are now derived with
the help of Eqs. (38), (39), (40), and (41), and classified
via the parity of Ntot. When Ntot is zero or even, the
output state for the input |ω0〉 is given by
|ωL0 〉 = SˆL−LNtot JˆLNtot SˆLNtot−LNtot−1 · · · JˆL1 SˆL1−0|ω0〉
∝
√
1− Pe
√
PL1e√
1− P 0e
√
1− PL2e√
PL1e
· · ·
√
1− PLe√
1− PLNtote
|αe−L2 〉 −
√
Pe
√
1− PL1e√
P 0e
√
PL2e√
1− PL1e
· · ·
√
PLe√
P
LNtot
e
|−αe−L2 〉
∝
√
1− Pe
√
1− PLe |αe−
L
2 〉 −
√
Pe
√
PLe |−αe−
L
2 〉
= e−
1
2
|α|2e−L
∞∑
m=0
1√
m!


(√
1− Pe
√
1− PLe −
√
Pe
√
PLe
)(
αe−
L
2
)m
|m〉 m is zero or even(√
1− Pe
√
1− PLe +
√
Pe
√
PLe
)(
αe−
L
2
)m
|m〉 m is odd
=
(√
1− e−4|α|2 + |α|
2e−4|α|
2
√
1− e−4|α|2 e
−L · · ·
)
|0〉+ (1 + · · · )αe−L2 |1〉+ 1√
2
(√
1− e−4|α|2 + · · ·
)
α2e−L|2〉+ · · · ,
(42)
where |m〉 is the m-photon number state and note that P 0e = 1/2 and limL→∞ PLe = Pe. In the last line, the terms
8only up to the order of e−L are given. Similarly, for the input |ω1〉, we obtain
|ωL1 〉 = SˆL−LNtot JˆLNtot SˆLNtot−LNtot−1 · · · JˆL1 SˆL1−0|ω1〉
∝
√
Pe
√
1− PLe |αe−
L
2 〉 −
√
1− Pe
√
PLe |−αe−
L
2 〉
= e−
1
2
|α|2e−L
∞∑
m=0
1√
m!


(√
Pe
√
1− PLe −
√
1− Pe
√
PLe
)(
αe−
L
2
)m
|m〉 m is zero or even(√
Pe
√
1− PLe +
√
1− Pe
√
PLe
)(
αe−
L
2
)m
|m〉 m is odd
=
(
− |α|
2e−2|α|
2
√
1− e−4|α|2 e
−L + · · ·
)
|0〉+
(
e−2|α|
2
+ · · ·
)
αe−
L
2 |1〉+ · · · , (43)
where the last line also shows the terms up to the order of
e−L. From Eqs. (42) and (43), we can check that these
two possible outputs are still orthogonal to each other
and, even in the approximated form, the orthogonality
is satisfied in any order of L. For example, the inner
product between |ωL0 〉 and |ωL1 〉 up to the order of e−L is
computed as
〈ωL0 |ωL1 〉 ≈ −
√
1− e−4|α|2 |α|
2e−2|α|
2
√
1− e−4|α|2 e
−L〈0|0〉
+|α|2e−2|α|2e−L〈1|1〉
= 0. (44)
Then, upon taking the limit of L → ∞ and normaliz-
ing Eq. (42), we know that |ωL0 〉 approaches the vacuum
state. We also find from Eq. (43) that the state |ωL1 〉
converges to |1〉. However, since all the terms in Eq. (43)
decrease exponentially for large L, we know that |ωL1 〉
does not occur at all in the limit of L → ∞. Hence we
have
|ωL0 〉 → |0〉, (45)
|ωL1 〉 → 0, (46)
and thus, if the number of the totally detected photons
Ntot is zero or even, we can unambiguously identify the
input state |ω0〉.
On the other hand, when Ntot is odd, the final states
are given by
|ωL0 〉 → 0, (47)
|ωL1 〉 → |0〉, (48)
and hence, in this case, we can unambiguously infer the
input state |ω1〉. Let us finally emphasize that our model
may be also translated into the time domain by replac-
ing the spatial parameter l by the time t. Therefore, our
approach provides an alternative derivation of the origi-
nal Dolinar receiver. This approach is relatively simple,
because it only relies upon the preservation of the or-
thogonality of the signals during the entire measurement
process.
B. Photonic-qubit signals
In this subsection, we show that our measurement
model is not only applicable to coherent-state signals,
but it may also be applied to other types of signals,
for example, photon-number qubits. As an example, let
us consider the projection measurement onto the basis
|ω0,1〉 = (|0〉 ± |1〉)/
√
2, for which one can derive a no-go
statement in terms of the criteria of Ref.[20].
As for the exact discrimination of |ω0,1〉, let us first
briefly discuss the no-go statement for any linear-optics
scheme based on photon counting, finite steps of condi-
tional dynamics, and arbitrary auxiliary states. Since
the signal states have an unfixed number of photons, us-
ing an auxiliary state |A〉 with unfixed photon number
or employing phase-space displacements may help to ex-
actly discriminate the signal states [20]. For the signal
states |ω0,1〉, the necessary conditions in any conditional-
dynamics scheme become [20]
〈A|〈ω0|(cˆ†)ncˆn|ω1〉|A〉 = 0, ∀n = 0, 1, 2, ... (49)
Here, we use the same definitions as in the preceding
section. By inserting the decomposition of Eq. (21) into
the first-order n = 1 condition, we obtain now
|ν1|2 = 2i Im δ , (50)
where now Im δ is the imaginary part of
δ ≡ ν1(γ∗ + 〈A|bauxcˆ†aux|A〉) . (51)
Again, only the trivial solution ν1 = 0 exists. Thus, there
is no linear-optics scheme based on a finite first detection
step that achieves the exact discrimination of |ω0,1〉. Let
us now see how a continuous-measurement based scheme
leads to the perfect discrimination of the signal states.
The design for the measurement apparatus is the same
as that of the preceding subsection. So we send the states
{|ω0〉, |ω1〉} into the measurement apparatus. Let us as-
sume that the first photon is detected at the L1-th de-
tector and no photon is counted during [0, L1). The out-
9coming signals are then given by
SˆL1−0|ω0〉 =
(
1 +
∫ L1
0
dl β∗(l)e−
l
2
)
|0〉+ e−L12 |1〉,
(52)
SˆL1−0|ω1〉 =
(
1−
∫ L1
0
dl β∗(l)e−
l
2
)
|0〉 − e−L12 |1〉.
(53)
The orthogonality condition for Eqs. (52) and (53)
implies an appropriate local oscillator function for
{|ω0〉, |ω1〉}, namely
βL1−0(l) = ±
e−
l
2
2
√
1− e−l . (54)
When choosing the plus solution for βL1−0(l), Eqs. (52)
and (53) can be rewritten as
SˆL1−0|ω0〉 =
(
1 +
√
1− e−L1
)
|0〉+ e−L12 |1〉,
(55)
SˆL1−0|ω1〉 =
(
1−
√
1− e−L1
)
|0〉 − e−L12 |1〉.
(56)
After detecting a photon at L1, the states become
JˆL1 SˆL1−0|ω0〉 ∝
(
1−
√
1− e−L1
)
|0〉+ e−L12 |1〉,
(57)
JˆL1 SˆL1−0|ω1〉 ∝
(
1 +
√
1− e−L1
)
|0〉 − e−L12 |1〉,
(58)
and these are still orthogonal to each other.
Let us consider the next interval (L1, L2), where we as-
sume that the second photon is detected at L2. Defining
the local oscillator function βL2−L1(l), we obtain
SˆL2−L1 JˆL1 SˆL1−0|ω0〉 ∝
(
1−
√
1− e−L1 + e−L12
∫ L2
L1
dl β∗L2−L1(l)e
− l
2
)
|0〉+ e−L22 |1〉, (59)
SˆL2−L1 JˆL1 SˆL1−0|ω1〉 ∝
(
1 +
√
1− e−L1 − e−L12
∫ L2
L1
dl β∗L2−L1(l)e
− l
2
)
|0〉 − e−L22 |1〉. (60)
Now the orthogonality condition implies
βL2−L1(l) = −
e−
l−L1
2
2
√
1− e−l . (61)
More generally, the local oscillator function for the inter-
val (Lj , Lj+1) is given by
βLj+1−Lj(l) = (−1)j
e−
l−Lj
2
2
√
1− e−l , (L0 = 0).
(62)
Using Eq. (62), the signal states after
the whole detection process are described by
SˆL−LN JˆLNtot SˆLNtot−LNtot−1 · · · JˆL1 SˆL1−0|ωi〉, (i = 0, 1),
where Ntot is the total number of detected photons and
(L→∞, Ntot = 0, 1 · · · ,∞). When Ntot is zero or even,
the final states are
|ωL0 〉 ∝
(
1 +
√
1− e−L
)
|0〉+ e−L2 |1〉
=
(
2− 1
2
e−L − · · ·
)
|0〉+ e−L2 |1〉
→ |0〉, (63)
|ωL1 〉 ∝
(
1−
√
1− e−L
)
|0〉 − e−L2 |1〉
=
(
1
2
e−L + · · ·
)
|0〉 − e−L2 |1〉
→ 0. (64)
These are still orthogonal to each other in any order of
L. On the other hand, when Ntot is odd, we have
|ωL0 〉 → 0, (65)
|ωL1 〉 → |0〉. (66)
Eventually, one finds that it is possible to distinguish |ω0〉
and |ω1〉 perfectly by checking the parity of the totally
detected photon number. Let us finally mention that
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the projection onto arbitrary orthogonal superpositions
of the vacuum state |0〉 and the single photon state |1〉,
|ω0〉 = f0|0〉+ f1eiϕ|1〉, (67)
|ω1〉 = f1|0〉 − f0eiϕ|1〉, (68)
can be achieved in the same manner as described above.
IV. CONCLUSIONS
In summary, we systematically derived a scheme which
is equivalent to the original Dolinar receiver for im-
plementing the minimum error discrimination of binary
coherent-state signals. This scheme corresponds to a spa-
tial version of the Dolinar receiver, based upon linear op-
tics, photodetectors, continuous measurement and feed-
forward. In our approach, as opposed to previous works,
we focus on the (asymptotically) perfect implementation
of a given projection measurement. In order to derive
the Dolinar-type scheme, we consider the projection mea-
surement that corresponds to the minimum error discrim-
ination of binary coherent-state signals. The derivation
then relies on the constraint that, for discriminating the
orthogonal states of the measurement basis, the condi-
tional states in each detection and feedforward step must
remain orthogonal. This new derivation method does not
require complicated optimization procedures and is ap-
plicable to various kinds of projection measurements. We
showed that not only the particular measurement associ-
ated with the coherent-state signals treated in Dolinar’s
original proposal, but also other types of projection mea-
surements can be implemented via continuous measure-
ment and feedforward. Significantly, in our approach,
optimal measurement performance, i.e., the maximum
measurement efficiency allowed by quantum mechanics,
is achieved without the need of expensive entangled aux-
iliary resources. However, finite feedforward plus arbi-
trarily many auxiliary photons must be replaced by ar-
bitrarily fast feedforward based on arbitrarily weak mea-
surements.
Although we considered only projection measurements
of a single-mode field in this paper, our methodology
might be applicable to more general scenarios as well,
including generalized measurements or joint projective
measurements for more modes. While the possibility
of a linear-optics implementation of such scenarios has
been studied already [20, 33], it remains an open question
whether the approach based on continuous measurement
and feedforward allows for an optimal efficiency also in
these more general schemes.
Finally, an important question is whether our scheme
can be used in a real, necessarily finite, physical imple-
mentation. In order to address this question, one would
have to consider a discrete analogue of our scheme, in-
cluding finite feedforward and weak, but finite measure-
ments. One may then determine bounds in terms of suit-
able figures of merit, e.g. the minimum average error or
the maximum success probability, for given feedforward
resources.
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